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Abstract

The systematic study of CR manifolds originated in two pioneering 1932 papers of Elie Cartan. In the first, Cartan classi-
fies all homogeneous CR 3-manifolds, the most well-known case of which is a one-parameter family of left-invariant CR
structures on SU, = §°, deforming the standard ‘spherical’ structure. In this paper, mostly expository, we illustrate and
clarify Cartan’s results and methods by providing detailed classification results in modern language for four 3-dimensional
Lie groups. In particular, we find that SL,(R) admits two one-parameter families of left-invariant CR structures, called the
elliptic and hyperbolic families, characterized by the incidence of the contact distribution with the null cone of the Killing
metric. Low dimensional complex representations of SL,(R) provide CR embedding or immersions of these structures.
The same methods apply to all other 3-dimensional Lie groups and are illustrated by descriptions of the left-invariant CR
structures for SU,, the Heisenberg group, and the Euclidean group.

1 Introduction

A real hypersurface M? in a 2-dimensional complex manifold
(such as C?) inherits an intrinsic geometric structure from
the complex structure of its ambient space. This is called a
CR structure and can be thought of as an odd-dimensional
version of a complex structure. A more precise definition
is given in §2 below. The study of these structures is based
on three foundational papers. The first is a 1907 paper of
H. Poincaré [17], which shows that the Riemann Mapping
Theorem for domains in C' does not hold in higher dimen-
sions. In fact, it fails even locally, even in the real analytic
case, and for the simplest of reasons: There are more germs
of real hypersurfaces than germs of holomorphic mappings.
More explicitly, Poincaré’s observation was that for n > 2
and N large enough, the space of N-jets of biholomorphic
mappings on open sets of C" is of lower dimension than the
space of N-jets of real-valued functions of 2n — 1 real vari-
ables. From this it follows that a generic perturbation of a
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smoothly bounded open set A C C" is not biholomorphically
equivalent to A and so the Riemann Mapping Theorem fails.
It also follows that, unlike complex structures, CR structures
possess local invariants, similar to the well-known curvature
invariants of Riemannian metrics. Consequently, a generic
CR manifold admits no CR symmetries, even locally.

The second foundational paper, published in two parts,
is Elie Cartan’s work of 1932 [5, 6]. Since there are these
local, indeed pointwise, invariants it is natural to find them
explicitly. This fit in nicely with research Cartan was already
doing. The Erlangen Program of F. Klein emphasized that
geometry was the study of the invariance properties of
groups of transformations. Cartan had taken this one step
further with his theory of moving frames focusing on the
infinitesimal action of the transformation groups. This not
only incorporated Riemannian manifolds and its generali-
zations into the Erlangen scheme but also provided Cartan
with the new tools to study projective geometries, both real
and complex, the conformal and projective deformations of
surfaces, etc. A contemporaneous explanation of Cartan’s
moving frames approach may be found in Weyl’s review of
one of Cartan’s books [23]. A more accessible explanation,
using modern notation, is the influential article [13] and,
more recently, the graduate textbook [9].

Two highly significant papers that have continued and
extended this study of the geometric properties of CR struc-
tures on hypersurfaces in C" are [7] and [22]
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The third foundational paper took the study of CR struc-
tures in a new and surprising direction. This was Hans
Lewy’s discovery, in 1957, of a locally non-solvable linear
partial differential equation [16]. To emphasize how sur-
prising this discovery was, we quote Treves [20], one of the
originators of the modern theory of PDE:s:

Allow me to insert a personal anecdote: in 1955 I was
given the following thesis problem: prove that every
linear partial differential equation with smooth coef-
ficients, not vanishing identically at some point, is
locally solvable at that point. My thesis director was,
and still is, a leading analyst; his suggestion simply
shows that, at that time, nobody had any inkling of the
structure underlying the local solvability problem, as
it is now gradually revealed.

Lewy’s example is that for a generic smooth f(x, y, u) the
equation

0 ,.0 . ., 0
(a + la—y —i(x+ ly)£>w =f
has no solution in any neighborhood of any point in R3,

The connection of Lewy’s paper to CR structures is this:
The operator on the left is induced by the Cauchy—Rie-
mann equations on C? and defines the CR structure on the
hyperquadric

Im(w) = |z|%.

This connection between CR structures and the theory of
PDE:s has led to a vast amount of research such as [14] and
the three subsequent volumes for general solvability theory
and [21] for the study of the induced CR complex and its
generalizations.

Here we come to the origin of the name of this field.
Cartan called these structures pseudoconformal, emphasiz-
ing that they should be thought of as a generalization of the
conformal (i.e. complex) structure of R?. With the realiza-
tion that the partial differential operators of M?'+! c C"*!
induced by the Cauchy-Riemannn equations were of funda-
mental importance, the induced structure became known as
a CR structure. This new name was introduced by Greenfield
[13].

It is interesting to note that H. Lewy once commented (to
the 2nd author) that he was led to his example while trying
to understand Cartan’s paper [5].

In the present article we study the CR structures most
closely related to the Erlangen Program, namely the left-
invariant CR structures on 3-dimensional Lie groups and,
more generally, homogeneous 3-dimensional CR structures.
In fact, before using the moving frames method to study the
general case, Cartan used a more algebraic approach to clas-
sify in Chapter II of [5] homogeneous CR 3-manifolds, i.e.
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3-dimensional CR manifolds admitting a transitive action
of a Lie group by CR automorphisms. He found that, up
to a cover, every such CR structure is a left-invariant CR
structure on a 3-dimensional Lie group [5, p. 69]. The items
on this list form a rich source of natural examples of CR
geometries which, in our opinion, has been hardly explored
and mostly forgotten. In this article we present some of the
most interesting items on Cartan’s list. We outline Cartan’s
approach and, in particular, the relation between the adjoint
representation of the group and global realizability (the
embedding of a CR structure as a hypersurface in a complex
2-dimensional manifold).

The spherical CR structure on S* can be thought of as the
unique left-invariant CR structure on the group SU, ~ S°
that is also invariant by right translations by the standard
diagonal circle subgroup U, C SU,. There is a well-known
and much studied 1-parameter family of deformations of this
structure on SU, to structures whose only symmetries are
left translations by SU, (see, for example, [3, 4, 8, 18]). An
interesting feature of this family of deformations is that none
of the structures, except the spherical one, can be globally
realized as a hypersurface in C? (although they can be real-
ized as finite covers of hypersurfaces in CP?, the 3-dimen-
sional orbits of the projectivization of the conjugation action
of SU, on 8I,(C)). This was first shown in [18] and later in
[3] by a different and interesting proof; see Remark 5.2 for
a sketch of the latter proof.

A left-invariant CR structure on a 3-dimensional Lie
group G is given by a 1-dimensional complex subspace of its
complexified Lie algebra g, that is, a point in the 2-dimen-
sional complex projective plane P(g.) ~ CP?, satisfying
a certain regularity condition (Definition 3.1 below). The
automorphism group of G, Aut(G), acts on the space of left-
invariant CR structures on G, so that two Aut(G)-equivalent
left-invariant CR structures on G correspond to two points
in P(g¢) in the same Aut(G)-orbit. Thus the classification
of left-invariant CR structures on G, up to CR-equivalence
by the action of Aut(G), reduces to the classification of the
Aut(G)-orbits in P(g.). This leaves the possibility that two
left-invariant CR structures on G which are not CR equiva-
lent under Aut(G) might be still CR-equivalent, locally
or globally. Using Cartan’s equivalence method, as intro-
duced in [5], we show in Theorem 3.1 that for aspherical
left-invariant CR structures this possibility does not occur.
Namely: two left-invariant aspherical CR structures on two
3-dimensional Lie groups are CR equivalent if and only if
the they are CR equivalent via a Lie group isomorphism. See
also [2] for a global invariant that distinguishes members of
the left-invariant structures on SU, and Theorem 2.1 of [10,
p. 246], which is the basis of our Theorem 3.1. The aspheric-
ity condition in Theorem 3.1 is essential (see Remark 4.5).

Contents of the paper. In the next section, §2, we pre-
sent the basic definitions and properties of CR manifolds.
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In §3 we introduce some tools for studying homogenous CR
manifolds which will be used in later sections.

In §4 we study our main example of G = SL,(R), where
we find that up to Aut(G), there are two 1-parameter families
of left-invariant CR structures, one elliptic and one hyper-
bolic, depending on the incidence relation of the associated
contact distribution with the null cone of the Killing met-
ric, see Proposition 4.1. Realizations of these structures are
described in Proposition 4.3: the elliptic spherical structure
can be realized as any of the generic orbits of the stand-
ard representation in C?, or the complement of z; = 0 in
§® C C2. The rest of the structures are finite covers of orbits
of the adjoint action in P(31,(C)) = CP?. The question of
their global realizability in C? remains open, as far as we
know.

In §5 we treat the simpler case of G = SU,, where we
recover the well-known 1-parameter family of left-invariant
CR structures mentioned above, all with the same contact
structure, containing a single spherical structure.

The remaining two sections present similar results for the
Heisenberg and Euclidean groups.

In the Appendix we state the main differential geomet-
ric result of [5] and the specialization to homogeneous CR
structures.

How ‘original’ is this paper? We are certain that Elie
Cartan knew most the results we present here. Some experts
in his methods could likely extract the statements of these
results from his paper [5], where Cartan presents a classifi-
cation of homogeneous CR 3-manifolds in Chapter II. As for
finding the proofs of these results in [5], or anywhere else,
we are much less certain. The classification of homogene-
ous CR 3-manifolds appears on p. 70 of [5], summing up
more than 35 pages of general considerations followed by
case-by-case calculations. We found Cartan’s text justify-
ing the classification very hard to follow. The general ideas
and techniques are quite clear, but we were unable to justify
many details of his calculations and follow through the line
of reasoning. Furthermore, Cartan presents the classification
in Chap. II of [5] before solving the equivalence problem
for CR manifolds in Chap. III, so the CR invariants needed
to distinguish the items on his list are not available, nor can
he use the argument of our Theorem 3.1. In spite of exten-
sive search and consultations with several experts, we could
not find anywhere in the literature a detailed and complete
statement in modern language of Cartan’s classification of
homogeneous CR manifolds, let alone proofs. We decided it
would be more useful for us, and our readers, to abstain from
further deciphering of [5] and to rederive his classification.

As for [10], apparently the authors shared our frustration
with Cartan’s text, as they redo parts of the classification
in a style similar to ours. But we found their presentation
sketchy and at times inadequate. For example, the reference
on pp. 248 and 250 of [10] to the ‘scalar curvature R of the

CR structure’ is misleading. There is no ‘scalar curvature’ in
CR geometry. Cartan’s invariant called R is coframe depend-
ent and so the formula given by the authors is meaningless
without specifying the coframe used (which is not provided).
Also, the realizations they found for their CR structures are
rather different from ours.

In summary, we lay no claim for originality of the results
of this paper. Our main purpose here is to give a new treat-
ment of an old subject. We hope the reader will find it
worthwhile.

2 Basic definitions and properties of CR
manifolds

A CR structure on a 3-dimensional manifold M is a rank
2 subbundle D C TM together with an almost complex
structure J on D, i.e. a bundle automorphism J : D —» D
such that J> = —Id. The structure is non-degenerate if D
is a contact structure, i.e. its sections bracket generate TM.
We shall henceforth assume this non-degeneracy condition
for all CR structures. We stress that in this article all CR
manifold are assumed 3-dimensional and have an underlying
contact structure.

A CR structure is equivalently given by a complex
line subbundle V C D¢ :=D @ C, the —i eigenspace of
Je :=J ® C, denoted also by T»DM. Conversely, given
a complex line subbundle V C T-M :=TM @ C such that
vnV = {0}and V & V bracket generates TcM, there is a
unique CR structure (D, J) on M such that V = TODM . A
section of V is a complex vector field of type (0, 1) and can
be equally used to specify the CR structure, provided it is
non-vanishing.

A dual way of specifying a CR structure, particularly use-
ful for calculations, is via an adapted coframe. This con-
sists of a pair of 1-forms (¢, ¢,) where ¢ is a real contact
form, i.e. D = Ker(¢), ¢, is a complex valued form of type
(1, 0), i.e. ¢,(Jv) = i¢;(v) for every v € D, and such that
@ A ¢, A @, is non-vanishing. The line bundle V C TcM can
then be recovered from ¢, ¢, as their common kernel. The
non-degeneracy of (D, J) is equivalent to the non-vanishing
of ¢ A d¢p. We will use in the sequel any of these equivalent
definitions of a CR structure.

If M is a real hypersurface in a complex 2-dimen-
sional manifold N there is an induced CR structure on M
defined by D :=TM n J(TM), where J is the almost com-
plex structure on N, with the almost complex structure
J on D given by the restriction of J to D. Equivalently,
V=TO0DM := (TcM) n (TODN). A CR structure (locally)
CR equivalent to a hypersurface in a complex 2-manifold is
called (locally) realizable.

Two CR manifolds (M;,D;,J;), i = 1,2, are CR equiva-
lent if there exists a diffeomorphism f : M, — M, such
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that df(D;) = D, and such that (df]p )oJ; = J,o(df|p ).
Equivalently, (df)c(V,) = V,. A CR automorphism of a CR
manifold is a CR self-equivalence, i.e. a diffeomorphism
f M — M such that df preserves D and df|;, commutes
with J. Local CR equivalence and automorphism are defined
similarly, by restricting the above definitions to open subsets.
An infinitesimal CR automorphism is a vector field whose
(local) flow acts by (local) CR automorphisms. Clearly, the
set Autog (M) of CR automorphisms forms a group under
composition and the set aut (M) of infinitesimal CR auto-
morphisms forms a Lie algebra under the Lie bracket of
vector fields. In fact, Autg (M) is naturally a Lie group of
dimension < dim(autz(M)) < 8, see Corollary A.1 in the
Appendix.

The basic example of CR structure is the unit sphere
$? = {]z;1> + |z,/> = 1} € C? equipped with the CR struc-
ture induced from C?. Its group of CR automorphisms is
the 8-dimensional simple Lie group PU,,. The action
of the latter on S° is seen by embedding C? as an affine
chart in CP?, (z,,2,) = [z, : 2, : 1], mapping S° unto
the hypersurface given in homogeneous coordinates by
|Z,|? + |Z,|* = | Z;|?, the projectivized null cone of the her-
mitian form |Z,|> + |Z,|* — |Z;|? in C? of signature (2, 1).
The group U, ; is the subgroup of GL;(C) leaving invariant
this hermitian form and its projectivized action on CP? acts
on $3 by CR automorphism. It is in fact its full automorphism
group. This is a consequence of the Cartan’s equivalence
method, see Corollary A.1.

Here are two standard results of the general theory of CR
manifolds.

Proposition 2.1 (‘Finite type’ property) Let M, M’ be two
CR manifolds with M connected and f : M - M’ a local
CR-equivalence. Then f is determined by its restriction to
any open subset of M. In fact it is determined of its 2-jet at
a single point of M.

Proof The Cartan equivalence method associates canoni-
cally with each CR 3-manifold M a certain principal bundle
B — M with 5-dimensional fiber, a reduction of the bundle
of second-order frames on M, together with a canonical cof-
raming of B (an e-structure, or ‘parallelism’; see the Appen-
dix for more details). Consequently, f : M — M’ lifts to a
bundle map f : B — B’ between the associated bundles (in
fact, the 2-jet of f, restricted to B), preserving the coframing.
Now any coframe preserving map of coframed manifolds
with a connected domain is determined by its value at a sin-
gle point. Thus f is determined by its value at a single point
in B. It follows that f'is determined by its 2-jet at a single
point in M. O

Proposition 2.2 (‘Unique extension’ property) Let
f:U—>U be a CR diffefomorphism between open
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connected subsets of S°. Then f can be extended uniquely to
an element g € Auteg(S®) = PU, .

Proof Let B — S° be the Cartan bundle associated with the
CR structure, as in the proof of the previous proposition,
and f : B|, — B|,, the canonical lift of f. Since Autcg(S?)
acts transitively on B (in fact, freely, see Corollary A.1),
for any given p € B, there is a unique g € Autcgx(S®) such
that f(p) = g(p). It follows, by the previous proposition,
that f = g|,. See also [1], Proposition 2.1, for a different
proof. O

Here is a simple consequence of the last two propositions
that will be useful for us later.

Corollary 2.1 Let M be a connected 3-manifold and
¢ M- 3, i=1,2, be two immersions. Then the two
induced spherical CR structures on M coincide if and only
if o = gop, for some g € Autx(S?) = PU, ;.

Proof Let U C M be a connected open subset for which
each restriction <l>i|U is a diffeomorphism unto its image
V; :=¢(U) C $%i=1,2.Then(¢h,|))o(d )" : V, =V,
is a CR diffeomorphism. By Proposition 2.2, there exists
g € PU, | such that ¢, |, = (gogh,)| . It follows, by Proposi-
tion 2.1, that ¢p, = gog,. O

3 Left-invariant CR structures
on 3-dimensional Lie groups

A natural class of CR structures are the homogeneous CR
manifolds, i.e. CR manifolds admitting a transitive group
of automorphisms. Up to a cover, every such structure is
given by a left-invariant CR structure on a 3-dimensional
Lie group (see e.g. [5, p. 69]). Each such Lie group is
determined, again, up to a cover, by its Lie algebra. The
list of possible Lie algebras is a certain sublist of the list
of 3-dimensional real Lie algebras (the ‘Bianchi classifica-
tion’), and was determined by E. Cartan in Chapter II of
his 1932 paper [5]. In this section we first make some gen-
eral remarks about such CR structures, then state an easy to
apply criterion for sphericity. Our main references here are
Chapter II of E. Cartan’s paper [5] and §2 of Ehlers et al.
[10].

3.1 Preliminaries

Let G be a 3-dimensional Lie group G with identity ele-
ment e and Lie algebrag = 7,G. To each g € G is associated
the left translation G — G, x — gx. A CR structure on G is
left-invariant if all left translations are CR automorphisms.
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Clearly, a left-invariant CR structure (D, J) is given uniquely
by its value (D,, J,) at e. Equivalently, it is given by a non-
real 1-dimensional complex subspace V, C g¢ :=g ® C;i.e.
V,n Ve = {0}. By the non-degeneracy of the CR structure,
D, C gisnot a Lie subalgebra; equivalently, V, @ Ve C gcis
not a Lie subalgebra. In other words, left-invariant CR struc-
tures are parametrized by the non-real and non-degenerate
elements of P(g¢) ~ CP>.

Definition 3.1 An element [L] € P(g¢) is real if [L] = [Z],
degenerate if LL span a Lie subalgebra of g, and regular
if it is neither real nor degenerate. The locus of regular ele-
ments in P(g¢) is denoted by P(g¢ ),

Equivalently, if [L]=[L,+iL,] € P(gc), where
L,,L, € g, then [L] is non-real if and only if L,, L, are line-
arly independent and is regular if and only if L, L,, [L,, L,]
are linearly independent.

Let Aut(G) be the group of Lie group automorphisms of
G and Aut(g) the group of Lie algebra automorphisms of g.
For each f € Aut(G), df (e) € Aut(g), and if G is connected,
then fis determined uniquely by df(e), so Aut(G) embeds
naturally as a subgroup Aut(G) C Aut(g). Every Lie alge-
bra homomorphism of a simply connected Lie group lifts
uniquely to a Lie group homomorphism, hence for simply
connected G, Aut(G) = Aut(g). The adjoint representa-
tion of G defines a homomorphism Ad : G — Aut(G). Its
image is a normal subgroup Inn(G) C Aut(G), the group
of inner automorphisms (also called ‘the adjoint group’).
The quotient group, Out(G) := Aut(G)/Inn(G), is the
group of outer automorphisms. For a simple Lie group,
Out(G) is a finite group. For example, Out(SU,) is trivial
and Out(SL,(R)) ~ Z,, given by conjugation by any matrix
g € GL,(R) with negative determinant, e.g. g = diag(1, —1)

Now Aut(G) clearly acts on the set of left-invariant
CR structures on G. It also acts on P(g¢),., by the pro-
jectivized complexification of its action on g. The map
associating with a left-invariant CR structure V C TG
the point z =V, € P(g¢),, is clearly Aut(G)-equivariant,
hence if z;,z, € P(g¢);, lie on the same Aut(G)-orbit then
the corresponding left-invariant CR structures on G are
CR equivalent via an element of Aut(G). As mentioned in
the introduction, the converse is true for aspherical left-
invariant CR structures.

Theorem 3.1 Consider two left-invariant aspherical CR
structures V; C TcG; on two connected 3-dimensional Lie
groups G;, with corresponding elements
Z 1= (Vi)gi (S P((gi)c))reg, where e; is the identity element of

G;, i =1,2. If the two CR structures are equivalent, then
there exists a group isomorphism G, — G, which is a CR

equivalence, whose derivative at e, maps z, = z,. If the two
CR structures are locally equivalent, then there exists a Lie
algebra isomorphism ¢, = @,, mapping z, = z,.

Proof Let f : G; - G, be a CR equivalence. By composing
fwith an appropriate left translation, either in G, or in G,, we
can assume, without loss of generality, that f(e;) = e,. Since
fis a CR equivalence, (df)cV, = V,. In particular, (df)c
maps z; = z,. We next show that fis a group isomorphism.

For any 3-dimensional Lie group G, the space R(G) of
right-invariant vector fields is a 3-dimensional Lie subalge-
bra of the space of vector fields on G, generating left-trans-
lations on G. Hence if G is equipped with a left-invariant
CR structure then R(G) C autx(G). If the CR structure
is aspherical, then the Cartan equivalence method implies
that dim(aut-x(M)) < 3, see Corollary A.1 of the Appendix.
Thus R(G) = aut(G).

Now since f:G,—= G, is a CR equivalence,
its derivative defines a Lie algebra isomorphism
aut-p(G)) =~ autz(G,). It follows, by the last paragraph,
that df(R(G,)) = R(G,). This implies that f is a group
isomorphism by a result from the theory of Lie groups: If
f : G, = G, is a diffeomorphism between two connected
Lie groups such that f(e,) = e, and df(R(G,)) = R(G,) then
fis a group isomorphism.

We could not find a reference for the (seemingly standard)
last statement so we sketch a proof here. Let G = G| X G,
and H = {(x,f(x))|x € G,} (the graph of f). Then fis a
group isomorphism if and only if H C G is a subgroup.
Leth :=T,H, where e = (e}, e,) € G, and let H C TG the
extension of § to a right-invariant sub-bundle. Then, since
df : R(G,) = R(G,)is aLie algebra isomorphism, § C gis
a Lie subalgebra, H is integrable and H is the integral leaf of
‘H through e € G (a maximal connected integral submanifold
of H). It follows that Hh is also an integral leaf of H for
every h € H. But e € HN Hh, hence H = Hh and so H is
closed under multiplication and inverse, as needed.

To prove the last statement of the theorem, suppose
f 1 U, = U,is a CR equivalence, where U; C G, are open
subsets, i = 1,2. By composing f with appropriate left trans-
lations in G, and G,, we can assume, without loss of gener-
ality, that U, is a neighborhood of ¢; € G;, i = 1,2, and that
f(e;) = e,. Since fis a CR equivalence, its complexified
derivative (df)¢ : TcU, — TcU, maps V|, isomorphically
onto V; |, ; in particular, it maps z; - z,. It remains to show
thatdf(e;) : g, = ¢, is a Lie algebra isomorphism.

For any Lie group G, the Lie bracket of two elements
X,.Y, € ¢ = T,G is defined by evaluating at e the commuta-
tor XY — YX of their unique extensions to left—invariant vec-
tor fields X, Y on G. If we use instead right—invariant vector
fields, we obtain the negative of the standard Lie bracket.
Now right-invariant vector fields generate left translations,
hence if G is a 3-dimensional Lie group equipped with a
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left-invariant CR structure, there is a natural inclusion of Lie
algebras g_ C aut-z(G), where g_ denotes g equipped with
the negative of the standard bracket. For any aspherical CR
structure on a 3-manifold M we have dim(aut-z(M)) < 3,
hence for any open subset U C G the restriction of a left-
invariant aspherical CR structure on G to U satisfies
auter(U) = R(G)|y ~g_.

Next, since f: U, - U, is a CR equivalence,
its derivative df defines a Lie algebra isomorphism
aut-g(U;) = autz(U,). By the previous paragraph, df(e)
is a Lie algebra isomorphism (g,)_ — (g,)_, and thus is also
a Lie algebra isomorphism g; — g,. O

3.2 A sphericity criterion via well-adapted coframes

We formulate here a simple criterion for deciding whether
a left-invariant CR structure z € P(g¢),e, 0n a Lie group G
is spherical or not. The basic tools are found in the seminal
papers of Cartan [5, 6]. We defer a more complete discussion
to the Appendix.

Definition 3.2 Let M be a 3-manifold with a CR structure
V € TcM. An adapted coframe is a pair of 1-forms (¢, ¢,)
with ¢ real and ¢, complex, such that ¢|, = ¢,;|, = 0 and
@ A ¢, A @, is non-vanishing. The coframe is well-adapted

Adapted and well-adapted coframes always exist, locally.
Starting with an arbitrary non-vanishing local section L of V
(a complex vector field of type (0, 1)) and a contact form 6 (a
non-vanishing local section of D+ C T*M), define the com-
plex (1, 0)-form ¢, by ¢, (L) = 0, (f)l(L) = 1. Then (¢, ¢,) is
an adapted coframe and any other adapted coframe is given
by ¢ = |41°¢p, d, = A(p + u¢p,) for arbitrary complex func-
tions p, 4, with A non-vanishing. It is then easy to verify
that for any A and y = i L(u)/u where u = | |2, the resulting
coframe (¢, ¢, ) is well-adapted.

Given a well-adapted coframe (¢, ¢;), decomposing
d¢, d¢, in the same coframe we get

dp =i, A,
dp, =adp, AP, +bPAP +cPAP,,

for some complex valued functions a, b, c on M. For a left-
invariant CR structure on a 3-dimensional group G one can
choose a (global) well-adapted coframe of left-invariant
1-forms, and then a, b, ¢ are constants.

ey

Proposition 3.1 Consider a CR structure on a 3-manifold
given by a well adapted coframe ¢, p,, satisfying equations
(1) for some constants a, b, c € C. The CR structure is spher-
ical if and only ifc(2|a|2 + 9ib) =0.
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This is a consequence of Cartan equivalence method. See
Corollary A.2 in the Appendix.

3.3 Realizability

Let (M, D, J) be a CR 3-manifold and N a complex manifold.
A smooth function f : M — N is a CR map, or simply CR,
if ]O(deD) = (df|p)oJ, where J : TN — TN is the almost
complex structure on N. Equivalently, (df).V ¢ TODN. A
realization of (M, D, J) is a CR embedding of M in a (com-
plex) 2-dimensional N. A local realization is a CR immer-
sion in such N.

The following lemma is useful for finding CR immer-
sions and embeddings of left-invariant CR structures on Lie
groups.

Lemma 3.1 Let G be a 3-dimensional Lie group with a
left-invariant CR structure (D, J), with corresponding
[L] € P(8¢)req- Let p : G = GL(U) be a finite dimensional
complex representation, u € U and y : G — U the evalu-
ation map g — p(g)u. Then p is a CR map if and only if
p'(Lu =0, where p' : gc — End(U) is the complex linear
extension of (dp), : ¢ = End(U) to gc.

Proof u is clearly G-equivariant, hence p is CR if and
only if du(JX) = idu(X) for some (and thus all) nonzero
X € D,. Now du(X) = p'(X)u, hence the CR condition on u
is p'(X + iJX)u = 0, for all X € D,. Equivalently, p'(L)u = 0
for some (and thus all) nonzero L € g of type (0, 1).

O

Here is an application of the last lemma, often used by
Cartan in Chapter II of [5].

Proposition 3.2 Let G be a 3-dimensional Lie group with a
left-invariant CR structure [L] € P(gC)reg' Then the evalu-
ation map p : G = P(gc), g~ [Adg(L)], is a G-equivari-
ant CR map, whose image u(G) C P(gc), the Adg-orbit of
[L] € P(gc), is of dimension 2 or 3. It follows that if L has
a trivial centralizer in g then u(G) is 3-dimensional and
hence u is a local realization of the CR structure on G in
P(gc) ~ CP.

Proof Let ji:G—gc\{0}, g~ AdL, and
7 :gc \ {0} = P(gc), B~ [B]. Then y = moji and x is
holomorphic, hence it is enough to show that i is CR at
e € G. Applying Lemma 3.1 with p = Ad;, u = L, we have
that p’(L)L = [L,L] = 0, hence jiis CR, and so is p.

Let O = u(G). Since u is CR, du(D) is a J-invari-
ant and G-invariant subbundle of T®, where J is the
almost complex structure of P(gc). Thus in order
to show that dim(O) > 2 it is enough to show that
du(D,) # 0. Equivalently, dji(D,) ¢ Ker((dz);) = CL.
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Let L=L, +iL,, with L,L, €g. Then L, =JL; and
so dji(L,) =[L,,L] = —[L,,L,]. But [L] is non-real, so
(CL)n g = {0}, hence [L,L,] € CL implies [L,L,] =0,
so D, = Span{L,,L,} C g is an (abelian) subalgebra, in
contradiction to the non-degeneracy assumption on the CR
structure. |

4 SL,(R)

We illustrate the results of the previous section first of all
with a detailed description of left-invariant CR structures
on the group G = SL,(R), where g = 8[,(R), the set of 2 X 2
traceless real matrices and g = 31,(C), the set of 2 x 2
traceless complex matrices.

Here is a summary of the results: for G = SL,(R), the set
of left-invariant CR structures P(g¢),, is identified Aut(G)
-equivariantly with the set of unordered pairs of points
¢1,6 € C\R, ¢, # &, on which Aut(G) acts by orienta-
tion preserving isometries of the usual hyperbolic metric
in each of the half. With this description, it is easy to deter-
mine the Aut(G)-orbits. There are two families of orbits: the
‘elliptic’ family corresponds to pairs of points in the same
half-plane, with the spherical structure corresponding to a
‘double point’, {; = {,; the ‘hyperbolic’ family corresponds
to non-conjugate pairs of points in opposite half planes.
Each orbit is labeled uniquely by the hyperbolic distance
d(¢,, &) in the elliptic case, or d(¢;,&,) in the hyperbolic
case. All structures, except the spherical elliptic one, are
locally realized as adjoint orbits in P(81,(C)) = CP?, either
inside §® = {[L] | tr(LL) = 0} (in the hyperbolic case) or
in its exterior (in the elliptic case). The elliptic spherical
structure embeds as any of the generic orbits of the standard
action on C2.

We begin with the conjugation action of SL,(C) on
P(8L,(C)) (this will be useful also for the next example of
G = SU,). With each [L] € P(31,(C)) we associate an unor-
dered pair of points {;,{, € C U oo, possibly repeated, the
roots of the quadratic polynomial

c —a
@
Clearly, multiplying L by a nonzero complex constant does
not affect |, §,.

PL@)1=CC2—2a§—b=C(C_é’l)(é’_gz), L=<a b)'

Lemma 4.1 Let S*(CP') be the set of unordered pairs of
points ;,¢, € CU oo = CP'. Then:

(@) The map P@BL,(C)) — S2(CPYH, assigning to
[L] € P(8L,(C)) the roots of p;, as in equation (2), is

an SL,(C)-equivariant bijection, where SL,(C) acts on
S2(CPY) via Mobius transformations on CP! (projectivi-
zation of the standard action on C?);

(b) Complex conjugation, [L] — [L], corresponds, under
the above bijection, to complex conjugation of the roots

Opr7 {gl’gz} g {51952}'

Proof The map[L] — {,,&,}is clearly a bijection (a poly-
nomial is determined, up to a scalar multiple, by its roots).
The SL,(C)-equivariance, as well as item (b), can be easily
checked by direct computation.

Here is a more illuminating argument, explaining also
the origin of the formula for p; in equation (2). We first
show that the adjoint representation of SL,(C) on 8[,(C)
is isomorphic to H,, the space of quadratic forms on C2,
or complex homogeneous polynomials g(z;, z,) of degree
2 in two variables, with g € SL,(C) acting by substitu-
tions, g ~ gog~!. To derive an explicit isomorphism, let
U be the standard representation of SL,(C) on C? and U*
the dual representation, where g € SL,(C) acts on « € U*
by a = aog~!. The induced action on A?(U*) (skew sym-
metric bilinear forms on U) is trivial (this amounts to
det(g) = 1). Let us fix @ :=z; Az, € A’(U*). Since w is
SL,(C)-invariant, it defines an SL,(C)-equivariant isomor-
phism U - U*, u » w(-, u), mapping e, - —2z,, €, - 71,
where e, e, is the standard basis of U, dual to z;,z, € U*.
We thus obtain an isomorphism of SL,(C) representations,
End(U) ~ U ® U* ~ U* @ U*. Under this isomorphism,
31,(C) c End(U) is mapped unto S?(U*) c U* ® U* (sym-
metric bilinear forms on U), which in turn is identified with
H,, SL,(C)-equivariantly, via B —~ ¢q, q(u) = B(u, u). Fol-
lowing through these isomorphisms, we get the sought for
SL,(C)-equivariant isomorphism 31,(C)— H,,

L=<a b
c —a

> —ae @z +be @z, +ce, @z —ae, @z,

g _aZZ®Z| _bZZ®ZZ+CZ| ®Z] —az ®Z2

P qr(21,2) = C(Zl)2 —2az1zp — b(22)2~

Now every nonzero quadratic form g € H, can be factored as
the product of two nonzero linear forms, g = a, a,, where the
kernel of each a; determines a ‘root’ {; € CP'. Introducing
the inhomogeneous coordinate { = z,/z, on CP! = C U o,
we get c(z))* — 2az,zy — b(z,)> = (2,)*p.({), with p; as in
equation (2) with roots §; € C U co. O

Remark 4.1 There is a simple projective geomet-
ric interpretation of Lemma 4.1. See Fig. la. Con-
sider in the projective plane P(31,(C)) ~ CP? the
conic C := {[L]| det(L) = 0} ~ CP'. Through a point
[L] € CP?\ C pass two (projective) lines tangent to C, with
tangency points ¢, ¢, € C (if [L] € C then {; = ¢, = [L]).
Since SL,(C) acts on CP? by projective transformations

@ Springer
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Fig. 1 Distinct types of [L] € P(g¢) for G = SL,(R): (a) regular ;
Remark 4.1

preserving C, the map [L] — {{;,{,} is SL,(C)-equivariant.
The map [L] — [L] is the reflection about RP? c CP?. For-
mula (2) is a coordinate expression of this geometric recipe.

Lemma4.2 Let L € 31,(C), L# 0. Then[L] € P(§I2(([Z))reg
if and only if both roots of p; are non-real and are non-
conjugate, i.e.{,,{, € C\Rand ¢, # &,

Proof Let ¢, ¢, be the roots of p,. By Lemma 4.1 part (b),
[L] is real, [L] = [Z], if and only if {;,{, are both real or
¢ = 52. We claim that if [L] # [Z] then [L] is degenerate,
ie L L span a 2-dimensional subalgebra of 81,(C), exactly
when one of the two roots ¢}, ¢, is real and the other is non-
real. This is perhaps best seen with Fig. Ic. A 2-dimen-
sional subspace of 3,(C) corresponds to a projective line
in P(81,(C)). The 2-dimensional subalgebras of 81,(C) are
all conjugate (by SL,(C)) to the subalgebra of upper trian-
gular matrices and are represented in Fig. 1 by lines tangent
to C. Now the line passing through [L], [Z] is invariant under
complex conjugation, hence if it is tangent to C then the
tangency point is real and is one of the roots of p;. But [L]
is non-real, hence the other root is non-real. O

Next we describe Aut(SL,(R)). Clearly, GL,(R) acts on
SL,(R) by matrix conjugation as group automorphism. The
ineffective kernel of this action is the center R*I of GL,(R)
(nonzero multiples of the identity matrix). The quotient
group is denoted by PGL,(R) = GL,(R)/R*I. Thus there
is a natural inclusion PGL,(R) C Aut(SL,(R)).

Lemma 4.3 PGL,(R) = Aut(SL,(R)) = Aut(3L,(R)).

Proof We have already seen the inclusions
PGL,(R) C Aut(SL,(R)) C Aut(81,(R)), so it is enough
to show that Aut(3l,(R)) C PGL,(R). Now the Killing
form of a Lie algebra, (X, Y) = tr(adXoadY), is defined in
terms of the Lie bracket alone. For 81,(R), the associated
quadratic form is det(X) = —a? — bc (up to a constant), a
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(b) (c)

(b) real ; (c) non-real degenerate. See the proofs of Lemma 4.1, 4.2 and

non-degenerate quadratic form of signature (2,1). Fur-
thermore, the ‘triple product’ (X,Y,Z) — (X,[Y,Z])
defines a non-vanishing volume form on 81,(R) in terms
of the Lie bracket, hence Aut(8l,(R)) C SO, ;. Finally,
PGL,(R) C SO, and both are 3-dimensional groups with
two components, so they must coincide. O

Let us now examine the action of Aut(SL,(R)) on
P(8L,(C)). It is convenient, instead of working with
Aut(SL,(R)) = PGL,(R), to work with its double cover
SL;—'(R) (matrices with det = +1.) The latter consists of
two components, the identity component, SL,(R), and
oSL,(R), where o is any matrix with det = —1; for example
o = diag(1, —1). According to Lemma 4.1, we need to con-
sider first the action of SL;—'(IR) by Mobius transformations
on CP!. The action of the identity component SL,(R) has 3
orbits; in terms of the inhomogeneous coordinate ¢, these are

e the upper half-plane Im(¢) > O,

e the lower half-plane Im(¢{) < 0,

e their common boundary, the real projective line
RP' = R U co.

The action on each half-plane is by orientation preserving
hyperbolic isometries (isometries of the Poincaré metric
|[d¢|/|Im(¢)]). The action of o = diag(1, —1) is by reflection
about the origin { = 0, an orientation preserving hyperbolic
isometry between the upper and lower half planes.

In summary, we get the following orbit structure:

Proposition 4.1 Under the identification
P(8L,(C)) ~ S2(CP") of Lemma#.1, the orbits of Aut(SL,(R))
in P(81,(C)),, correspond to the following two I-parameter
families of orbits in S*(CP'):

1. A I-parameter family of orbits, corresponding to a pair
of points ¢,,¢, € C\ R in the same half-plane (upper
or lower). The parameter can be taken as the hyper-
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bolic distance d({,,&,) € [0, ). All these orbits are
3-dimensional, except the one corresponding to a dou-
ble point §; = {,, which is 2-dimensional.

1. A I-parameter family of orbits, corresponding to
pair of points §, ¢, € C\ R situated in opposite half
planes and which are not complex conjugate, {; # &,.
The parameter can be taken as the hyperbolic distance
d(¢,, &) € (0, 00). All these orbits are 3-dimensional.

The rest of the orbits are either real (§,,{, € RP! =R U
or¢, = &) or degenerate (one of the points is real).

Proof Most of the claims follow immediately from the previ-
ous lemmas so their proof is omitted. The claimed dimen-
sions of the orbits follow from the dimension of the stabi-
lizer in Aut(SL,(R)) of an unordered pair ;,¢, € C\ R;
for two distinct points in the same half-plane, or in opposite
half-planes with z; # Z, , the stabilizer is the two element
subgroup interchanging the points. For a double point the
stabilizer is a circle group of hyperbolic rotations about this
point. O

Next, recall that the Killing form on 81,(R) is the bilinear
form (X, Y) = (1/2)tr(XY). The associated quadratic form
(X, X) = —det(X) = a*> + bc is a non-degenerate indefinite
form of signature (2, 1), the unique Ad-invariant form on
31,(R), up to scalar multiple. The null cone C C 3L,(R) is
the subset of elements with (X, X) = 0.

Definition 4.1 A 2-dimensional subspace IT C 31,(R) is
called elliptic (respectively,hyperbolic) if the Killing form
restricts to a definite (respectively, indefinite, but non-
degenerate) inner product on I1. Equivalently, IT is hyper-
bolic if its intersection with the null cone C consists of
two of its generators and elliptic if it intersects it only at
its vertex X = 0. A left-invariant CR structure (D, J) on
SL,(R) is elliptic (resp. hyperbolic) if D, C 31,(R) is ellip-
tic (resp. hyperbolic).

Remark 4.2 There is a third type of a 2-dimensional sub-
space I1 C 31,(R), called parabolic, consisting of 2-planes
tangent to C, but these are subalgebras of 31,(R), hence
are excluded by the non-degeneracy condition on the CR
structure.

Remark 4.3 Our use of the terms elliptic and hyperbolic for
the contact plane is natural from the point of view of Lie
theory. However it conflicts with the terminology of analy-
sis; CR vector fields are never elliptic or hyperbolic differ-
ential operators.

Lemma4.4 Let[L] € P(81,(C)),,, and D, C 81,(R) the real
part of the span of L, L. Then D, is elliptic if the roots of p;
lie in the same half plane (type I of Proposition4.l), and

is hyperbolic if they lie in opposite half planes (type Il of
proposition 4.1).

Proof Let ¢, ¢, be the roots of p,. Acting by Aut(SL,(R)),
we can assume, without loss of generality, that {; =i and
§, =itforsomet € R\ {—1,0}. Thus, up to scalar multiple,
p = (=) —it) =% —i(1 + )¢ — t. A short calculation
shows that D, consists of matrices of the form

_fa(d+1) th .
X—( b —a(1+t)>’ a,beR , with
det(X) = —a?(1 + 1)*> — tb*. This is negative definite for¢ > 0
and indefinite otherwise. O

Proposition4.2 LetV, C T-SL,(R),t € R, be the left-invar-
iant complex line bundle spanned at e € SL,(R) by

ji
(%

Then

t
_ > € 31,(R) ® C = 3, (C). 3)
2

(a) V,is a left-invariant CR structure for allt # 0, —1, ellip-
tic fort > 0 and hyperbolic fort < 0,t # —1.

(b) V,isspherical ift =1or-3 + 2\/5 and aspherical oth-
erwise.

(c) Every left-invariant CR structure on SL,(R) is CR
equivalent to'V, for a unique t € (—1,0) U (0, 1].

(d) The aspherical left-invariant CR structures V,,
te(-1,H\{0,-3+ 2\/5}, are pairwise non-equiv-
alent, even locally.

Proof (a) The quadratic polynomial corresponding to L, is

P& = —i(l+0¢ —1= (=i - i),

with roots i, it. For ¢ > 0 the roots are in the upper half plane
and thus, by Lemma 4.4, V, is an elliptic CR structure. For
t < 0 the roots are in opposite half planes and for ¢ # —1
are not complex conjugate, hence V, is an hyperbolic CR
structure.

(b) Let

-

be the left-invariant Maurer-Cartan 8, (R)-valued 1-form on
SL,(R). A coframe adapted to V, is

A+t

0=p—-ty, 0, =a—
ﬂ?’l“lz

Y, “

ie O(L,) =6,(L,)=0,0,(L,) # 0. The Maurer-Cartan equa-
tions, d® = —O A O, are
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da=-pAy, df=-2aAp, dy=2aAy.

Using there equations, we calculate

d9=ii01/\él+0/\01+6/\él.
1+1

Now
¢ =signB 1), ¢ :=\/‘i a—iltt(2,
B 1+1¢ 4 \t
satisfy
dp =i, A, dpy =bPpA, +cPdA,
where
__l.1+6t+t2 _ (1-1)?
4t|A+1)° 4111+ 1)’

thus (¢, ¢,) is well-adapted to V,. Applying Proposi-
tion 3.1, we conclude that V, is spherical if and only if
(1+6t+2)(1—1)=0; that is, =1 or —3+21/2, as
claimed.

(c) The hyperbolic distance d(i, it) varies monotonically
from O to oo as ¢ varies from 1 to 0, hence every pair of points
in the same half plane can be mapped by Aut(SL,(R)) to the
pair (i, it) for a unique ¢ € (0, 1]. Consequently, every left-
invariant elliptic CR structure is CR equivalent to V, for a
unique ¢ € (0, 1].

Similarly, d(i, —it) varies monotonically from 0 to oo as
t varies from —1to 0, hence every hyperbolic left-invariant
CR structure is CR equivalent to V, for a unique t € (-1, 0).

By Theorem 3.1, no pair of the aspherical V, with
0 < |t] < 1 are CR equivalent, even locally. It remains to
show that the elliptic and hyperbolic spherical structures,
namely, V, for# = 1 and -3 + 2\/5 (respectively), are not
CR equivalent. In the next proposition, we find an embed-
ding ¢, : SL,(R) — S3 of the elliptic spherical structure in
the standard spherical CR structure on $* and an immer-
sion ¢, : SL,(R) — S° of the hyperbolic spherical structure
which is not an embedding (it is a 2 : 1 cover). It follows
from Corollary 2.1 that these two spherical structures are not
equivalent: if f : SL,(R) — SL,(R) were a diffeomorphism
mapping the hyperbolic spherical structure to the elliptic
one, then this would imply that the pull-backs to SL,(R) of
the spherical structure of S* by ¢, of and ¢, coincide, and
hence, by Corollary 2.1, there is an element g € PU,, such
that ¢, = go¢, of . But this is impossible, since gog, of is an
embedding and ¢, is not.

(d) As mentioned in the previous item, this is a conse-
quence of Theorem 3.1. O

@ Springer

Remark 4.4 There is an alternative path, somewhat shorter
(albeit less picturesque), to the classification of left-invariant
CR structures on SL,(R), leading to a family of ‘normal
forms’ different then the V, of Proposition 4.2. One shows
first that, up to conjugation by SL,(R), there are only two
non-degenerate left-invariant contact structures
D C TSL,(R): an elliptic one, given by DY = {c = b}, and
hyperbolic one, given by D, = {c¢ = —b}. The Killing form
on 81, (R), —det(X) = a? + be, restricted to Dgi, is given by
a? + b2, with orthonormal basis A, B + C, where A, B, C is
the basis of 81,(R) dual to a, b, c. One then determines the
stabilizer of D* in Aut(SL,(R)) (the subgroup that leaves D*
invariant). In each case the stabilizer acts on D as the full
isometry group of a®> + b?, that is, O, in the elliptic case, and
Oy, in the hyperbolic case. Using this description one
shows that, in the elliptic case, each almost complex struc-
ture on DY is conjugate to a unique one of the form
A s(B+C), s > 1, with corresponding (0, 1) vector
A+is(B+C) = (1 3
is —1
A s(B-C), s >0, with corresponding (0, 1) vector

A+is(B-C) = (_ll.s 5

, and in the hyperbolic case

1) The spherical structures are

given by s = 1in both cases.

Regarding realizability of left-invariant CR structures
on SL,(R), we have the following.

Proposition 4.3

(a) The elliptic left-invariant spherical CR structure on
SL,(R) (t = 1 in equation (3)) is realizable as any of
the generic (3-dimensional) SL,(R)-orbits in C? (com-
plexification of the standard linear action on R?). This
is also CR equivalent to the complement of a ‘chain’
in S € C? (a curve in S® given by the intersection of a
complex affine line in C* with $3; e.g. z, = 0)

(b) The rest of the left-invariant CR structures on SL,(R),
with 0 < |t| < lin equation (3), are either 4 : 1 covers,
in the aspherical elliptic case 0 <t < 1,0r2 : 1 cov-
ers, in the hyperbolic case —1 < t < 0, of the orbits of
SL,(R) in P(81,(C)).

(c) The spherical hyperbolic orbit is also CR equivalent to
the complement of S* N R?in §* c C2.

Proof (a) Fix v € C? and define u : SL,(R) - C? by
u(g) = gv. If the stabilizer of v in SL,(R) is trivial and
L,v =0, then, by Lemma 3.1, yu is an SL,(R)-equivariant
CR embedding. Both conditions are satisfied by v = (i) In
fact, all 3-dimensional SL,(R)-orbits in C? are homothetic,
hence are CR equivalent and any of them will do.
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Now let O c C? be the SL,(R)-orbit of v = (i) For
g= (" ") €SLy(R), withdet(g) = ad — be = 1,gv = (),
hence O is the quadric Im(z,Z,) = 1, where z;,z, are the
standard complex coordinates in C2. To map O onto the
complement of z; = 01in S* we first apply the complex linear
transformation C? — C2, (z;,2,) = (7; + 29,20 +i21)/2,
mapping O unto the hypersurface |z;|> — |z,]* = 1. Next let
Z,,7,,7Z; be homogenous coordinates in CP? and embed C?
as an affine chart, (z;,2,) = [z; : 2, : 1]. The image of

|z,1> = |z,]> =1 is the complement of Z;=0 in
|Z,1> = 1Z,|> = |Z;]>. This is mapped by
[Z, : Z, : Z3]1 = [Z; : Z, . Z,]to the complementof Z; = 0

in|Z,|?> + |Z,|> = | Z;|*. In our affine chart this is the comple-
ment of z; = 0in|z;|?> + |z,]|*> = 1, as needed.

(b) By Proposition 3.2, to show that the map
SL,(R) = P(8L,(C)), g = [Ad,L,], is a CR immersion of
V, into P(81,(C)), it is enough to show that the stabilizer of
[L,] € P(81,(C)) in SL,(R) is discrete. Using Lemma 4.1,
we find that, in the aspherical elliptic case, where ¢ € (0, 1),
the roots are an unordered pair of distinct points in the
upper half plane, so there is a single hyperbolic isometry in
PSL,(R) interchanging them, hence the stabilizer in SL,(R)
is a 4 element subgroup.

In the hyperbolic case, where ¢ € (=1, 0), the roots ¢}, ¢,
are in opposite half-spaces and ¢, # ,. Hence an element
g € SL,(R) that fixes the unordered pair ¢}, {, has two dis-
tinct fixed points ¢, {, in the same half plane. It follows that
g acts trivially in this half plane and thus g = +1.

(c) 81,(C) admits a pseudo-hermitian product of signature
2, ), tr XY , invariant under the conjugation action of

SL,(R). The associated projectivized null cone in CP? is
diffeomorphic to S3, a model for the spherical CR structure
on $°. One can check that L, is a null vector, i.e. tr(L,L,) = 0,
forr=-3+ \/5 . Thus the hyperbolic spherical left-invari-
ant structure on SL,(R)is a2 : 1 cover of an SL,(R)-orbit in
S3, consisting of all regular elements [L] € S, whose com-
plement in S? is the set of elements which are either real or
degenerate non-real (see Lemma 4.2 and its proof). One can
check that the only degenerate element in S* satisfies
a=c =0,b # 0, which is real. Thus all irregular elements
in S3 are the real elements RP> 0 $3 ¢ CP%,0orR2n $3 c C2,
as claimed. O

Remark 4.5 In Cartan’s classification [5, p. 70], the left-
invariant spherical elliptic CR structure on SL,(R) appears
in item 5°(B) of the first table, as a left-invariant CR struc-
ture on the group Aff(R) X R/Z. This group is not isomor-
phic to SL,(R), yet it admits a left-invariant spherical struc-
ture, CR equivalent to the spherical elliptic CR structure on
SL,(R). This shows that the asphericity condition in Theo-
rem 3.1 is essential. Both groups are subgroups of the full
4-dimensional group of automorphism of this homogeneous

spherical CR manifold (the stabilizer in PU, ; of a chain in
§3). The hyperbolic spherical structure is item 8°(K').

The elliptic and hyperbolic aspherical left-invariant
structures on SL,(R) appear in items 4°(K) and 5°(K’)
(respectively) of the second table. In these items, Cartan
gives explicit equations for the adjoint orbits in inhomo-
geneous coordinates (x,y) € C? C CP? (an affine chart).
For the elliptic aspherical orbits he gives the equation
1+ xx—yy=pu|l +x* —y?|, with Im@x(1 +7)) >0 and
u > 1; for the hyperbolic aspherical structures he gives the
equation xx + yy — 1 = u|x? + y> — 1|, with (x, y) € C? \ R?
and 0 < |u| < 1. Both equations are tr(LL) = u|tr(L?)],
with (x,y) = (b +c¢,b —¢))/(2a) in the elliptic case, and
(x,y) = 2a,b — ¢)/(b + ¢) in the hyperbolic case. The ellip-
tic orbits are the generic orbits in the exterior of S, given
by tr(LL) > 0, while the hyperbolic orbits lie in its interior,
given by tr(LL) < 0. The elliptic orbits come in complex-
conjugate pairs; that is, for each orbit, given by the pairs of
roots ¢;,¢, € C\ R in the same (fixed) half-plane, with a
fixed hyperbolic distance d({, {,), there is a complex-con-
jugate orbit where the pair of roots lie in the opposite half
plane. The condition Im(x(1 + ¥)) > O constrain the roots to
lie in one of the half planes, so picks up one of the orbits in
each conjugate pair. The hyperbolic orbits are self conjugate.

5 SU,

SU, =~ §% is the group of 2 X 2 complex unitary matrices
with det=1. Its Lie algebra $u, consists of anti-hermitian
2 X 2 complex matrices with $u, ® C = 8[,(C). This case is
easier than the previous case of SL,(R), with no really new
ideas, so we will be much briefer. The outcome is that there
is a single 1-parameter family of left-invariant CR struc-
tures, exactly one of which is spherical, the standard spheri-
cal structure in S3, realizable in C2. The rest of the structures
are 4:1 covers of generic adjoint orbits in P(g.) ~ CP?.

Lemma5.1 Aut(SU,) = Aut(8u,) = Inn(SU,) = SU, /{+I} ~ SO,.

Proof Similar to the SL,(R) case, the Killing form
and the triple product on 3u, are defined in terms of
the Lie bracket alone. This gives a natural inclusion
Aut(SU,) € SO;. The conjugation action gives an embed-
ding Inn(SU,) = SU, /{+I} C SO;. The last two groups are
connected and 3-dimensional, hence coincide. O

Since SU, C SL,(C), with (811,)¢ = 81,(C), we can, like
in the previous case of G = SL,(R), identify P((8u,).),SU,
-equivariantly, with S2(CP'), the set of unordered pairs of
points on CP! = 82, with Aut(SU,) = SU,/{+I} = SO,
acting on S?(CP") by euclidean rotations of CP! = 2, and

@ Springer



23 Page 12 0f 18

Complex Analysis and its Synergies (2021) 7:23

complex conjugation in P((31,)c) given by the antipodal
map. Hence P((3u,)c) consists of non-antipodal unor-
dered pairs of points ¢;,¢, € S?, each of which is given
uniquely, up to Aut(SU,) = SO, by their spherical distance
d(¢,,8,) € [0, m).

Proposition 5.1 LetV, C T-SU,,t € R, be the left-invariant
complex line bundle spanned at e € SU,by

0 r—1
L,=<H_1 0 >e§u2®C=§I2(C). 3)

Then

(a) V,isa left-invariant CR structure on SU, for all t # 0.

(b) V,isspherical if and only ift = +1.

(c) Every left-invariant CR structure on SU, is CR equiva-
lent to 'V, for a unique t > 1.

(d) The aspherical left-invariant CR structures V,, t > 1,
are pairwise non-equivalent, even locally.

(e) V,is realized by any of the non-null orbits of the stand-
ard representation of SU, in C2. The aspherical struc-
tures are locally realized as 4 : 1 covers of the adjoint
orbits of SU, in P(31,(C)).

Proof (a) Note that L, € 8u, only for# = 0 and that 3u, does
not have 2-dimensional subalgebras. It follows that [L,] is
regular for all 7 # 0.

(b) We apply Proposition 3.1. The left-invariant $u,-val-
ued Maurer Cartan form on SU, is

ia  p+iy
—-p+iy —ia > ©)

® = g_ldg = <
The Maurer Cartan equation d® = —O A O gives
da=-2pAy,df=-2yAa, dy = -2aAp.

A coframe well adapted to V, is

¢=a,¢1=\/;ﬁ+$y,

satisfying

dp = iy Ay,

dg, = —i(% + t)d) Ay — z(% - t>¢ Ady.

We conclude from Proposition 3.1 that V, is spherical if and

only if(% + t)(} - t) = 0; thatis, = 1.

(c) The quadratic polynomial associated to L, is
(t+ 1)¢* = (1= 1), with roots {, = +4/(t— 1)/(t + 1). For
t = 1(the spherical structure) this is a double point at { = 0,
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and for # > 1these are a pair of points symmetrically situated
on the real axis, in the interval (—1, 1). As ¢ varies from 1 to
oo the spherical distance d({,, {_) increases monotonically
from O to z (see next paragraph). It follows that every pair of
unordered non-antipodal pair of points on S? can be mapped
by Aut(SU,) = SO; to a pair ¢, for a unique # > 1.

One way to see the claimed statement about d({,,{_) is
to place the roots on the sphere S, using the inverse stereo-
graphic projection ¢ — (2¢,1—1[¢]2)/(1+[¢]>) e CO R.
Then {, = (£5sinf,0,cos0) € R3, where cos8 = 1/t and
0 € [0,z /2) for t € [1, 00). Thus as ¢ increases from ¢ = 1
to oo the pair of points on S? start from a double point at
(1, 0, 0), move in opposite directions along the meridian
y = 0 and tend towards the poles (0,0, +1) ast — oo.

(e) Every non-null orbit of the standard action of SU, on
C2 contains a point of the form v = (4,0), 1 € C*. Since the
stabilizer of such a point is trivial and L,v = 0, it follows
by Lemma 3.1 that g — gv is a CR embedding of V, in C2.
For ¢t > 1, we use Proposition 3.2 to realize the aspherical
CR structure V, as the SU,-orbit of [L,] in P(81,(C)). The
stabilizer in SO; is the two element group interchanging the
two roots in SZ, hence the stabilizer in SU, is a 4 element
subgroup. O

Remark 5.1 As in the SL,(R) case (see Remark 4.4), there
is a somewhat quicker way to prove item (c). First note that
Aut(SU,) = SO; acts transitively on the set of 2-dimensional
subspaces of 8u,, hence one can fix the contact plane D,
arbitrarily, say D, = Ker(a) = Span{B, C}, where A, B, C
is the basis of 8u, dual to @, f,y of equation (6). Then,
using the subgroup O, C SO; = Aut(SU,) leaving invari-
ant D,, one can map any almost complex structure on D, to
J, : B tC, forauniquet > 1, with associated (0, 1)-vector
B+itC=-L,

Remark 5.2 Proposition 5.1(e) gives a 4 : 1 CR immersion
SU, = P(31,(C)) ~ CP? of each of the aspherical left-invar-
iant CR structures V,, ¢t > 1. In fact, the proof shows that
SU, — 81,(C) ~ C3, g~ gLg !, is a2 : 1 CR-immersion.
It is still unknown, as far as we know, if one can find immer-
sions into C2. However, it is known that one cannot find CR
embeddings of the aspherical V, into C", n > 2. This was first
proved in [18], by showing that any function f : SU, - C
which is CR with respect to any of the aspherical V, is neces-
sarily even, i.e. f(—g) = f(g). A simpler representation theo-
retic argument was later given in [3], which we proceed to
sketch here (with minor notational modifications).

First, one embeds u : SU, — C?, g g((l)), with image
u(SU,) = §%, mapping the action of SU, on itself by left
translations to the restriction to S3 of the standard linear
action of SU, on C2. Next, one uses the ‘spherical harmon-
ics’ decomposition L*(S%) = @D, 50 H", where H is
the restriction to S3 of the complex homogenous harmonic
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polynomials on C? of bidegree (p, ¢); that is, complex poly-
nomials f(z,2,,%;,%,) which are homogenous of degree
p in z;,2,, homogenous of degree g in Z;,Z,, and satisfy
(0,0; +0,0;)f =0. Each H”? has dimension p + ¢ + 1,
is SU,-invariant and irreducible, with —I € SU, acting by
(=1

Next, one checks that Z := 7,0, —z,d, is an SU,-invari-
ant (1, 0)-complex vector field on C?, tangent to A map-
ping HP4 — HP~14* for all p > 0,q > 0, SU,-equivariantly.
The latter is a nonzero map, hence, by Schur’s Lemma, it
is an isomorphism. Similarly, Z is a (0, 1)-complex vec-
tor field on C2, tangent to S°, defining an SU,-isomorphism
HP4 — HPT14=1 for all ¢ > 0,p > 0. It follows that each
HF = D, i H K > 0, is invariant under Z, Z.

Next, one checks that Z, := (1 + 1)Z + (1 — 1)Z, restricted
to S3, spans du(V,). That is, f : §*> — C is CR with respect
to du(V,) if and only if Zf = 0. By the previous paragraph,
each H* is Z, invariant, hence Z,f = 0 implies Zf* = 0 for all
k > 0, where f* € H*and f = Y f*. Now one uses the previ-
ous paragraph to show that for k odd and ¢ > 1, Z, restricted
to H¥ is invertible. It follows that ZJ =0, fort > 1, implies
that % = 0 for all k odd; that is, fis even, as claimed.

O

Remark 5.3 In Cartan’s classification [5, p. 70], the spheri-
cal structure V, is item 1° of the first table. The aspherical
structures appear in item 6°(L) of the second table. Note that
Cartan has an error in this item (probably typographical): the
equation for the SU,-adjoint orbits, in homogenous coordi-
nates in CP?, should be x, X, + x,%, + XX, = p|x? + 1% + X2,
u > 1(as appears correctly on top of p. 67). This is a coordi-
nate version of the equation tr(LL") = u/|tr(L?)|.

6 The Heisenberg group

The Heisenberg group H is the group of matrices of the form

1xz
01y}
001

x,y,2 € R.

Its Lie algebra §j consists of matrices of the form

Oac
00b|,
000

a,b,c € R.

Lemma 6.1 Aut(H) = Aut()) is the 6-dimensional Lie group,
acting on Yy by

T O 2
( v det(T) > T € GL,(R), veR @)
(matrices with respect to the basis dual to a, b, c).

Proof Let A, B, C be the basis of §j dual to a, b, c. Then
[A,B]=C, [A,C] =[B,C] =0.

One can then verify by a direct calculation that the matrices
in formula (7) are those preserving these commutation rela-
tions. O

Remark 6.1 Here is a cleaner proof of the last Lemma (which
works also for the higher dimensional Heisenberg group):
the commutation relations imply that 3 := RC is the center
of B, so any ¢ € Aut(H) leaves it invariant, acting on 3 by
some A € R* and on §j/3 by some T € Aut(f)/3). The Lie
bracket defines a nonzero element @ € A%((§/3)*) ® 3 fixed
by ¢. Now ¢p*w = (4/ det(T))w, hence A = det(T). This gives
the desired form of ¢, as in equation (7).

Proposition 6.1 Let V C TH be the left-invariant complex
line bundle spanned at e € H by

010
L=]00
000

ep®C ®

Then

(a) Vs the unique left-invariant CR structure on H, up to
the action of Aut(H).

(b) Vs spherical, CR equivalent to the complement of a
point in S3.

(¢) V is also embeddable in C* as the real quadric
Im(z,) = |z,|?. In these coordinates, the group multi-
plication in H is given by

(Z],Zz) . (W],Wz) = (Z] +wi,2+w, + 2iZIWl).

Proof (a) The adjoint action is
(x,v,2) - (a,b,c) = (a,b,c + bx — ay). This has 1-dimen-
sional orbits, the affine lines parallel to the ¢ axis, except the
c axis itself (the center of §j), which is pointwise fixed. The
‘vertical’ 2-dimensional subspaces in §, i.e. those containing
the ¢ axis, are subalgebras, so give degenerate CR structures.
It is easy to see that any other 2-dimensional subspace can
be mapped by the adjoint action to D, = {c¢ = 0} and that the
subgroup of Aut(H) preserving D, consists of
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T 0
< 0 det(T) ) T € GL,®),

(written with respect to the basis of f dual to a, b, c). These
act transitively on the set of almost complex structures on
D,. One can thus take the almost complex structure on D,
mapping A — B, with associated (0, 1) vector L = A + iB.

(b) Define a Lie algebra homomorphism
p' . h— End(C?)

0 —b—ia 2c
(a,b,c)—~ |0 0 a+1ib | 9
0 0 0

with associated complex linear representation
p 1 H— GL4(C),

1 —y—ix21—xy—é(x2+y2)
xy,2)=10 1 X+iy . (10)
0 0 1

Then one can verify that p has the following properties:

e [t preserves the pseudo-hermitian quadratic form
|Z,|> — 2Im(Z,Z;) on C?, of signature (2, 1).

e The induced H-action on §? ¢ CP? (the projectivized
null cone of the pseudo-hermitian form) has 2 orbits: a
fixed point [e;] € S3 and its complement.

e The H-action on $° \ {[e,]} is free.

o p'(L)e;=0.

It follows, by Lemma 3.1, that H — $° c CP?
h — [p(h)e;], is a CR embedding of the CR structure V on
H in $3, whose image is the complement of [e,].

(c) In the affine chart C2 € CP?, (z,.2,) = [z; : 2, : 1],
the equation of H = $° \ [e,]is 2Im(z,) = |z,|?. After rescal-
ing the z, coordinate one obtains Im(z;) = |z,|?. The claimed
formula for the group product in these coordinates follows
from the embedding & — [p(h)e;] and formula (10). O

Remark 6.2 The origin of formula (9) is as follows. Consider
the standard representation of SU, ; on C?!and the resulting
action on §* ¢ CP” = P(C?!). The stabilizer in SU, ; of a
point co € $3 is a 5-dimensional subgroup P C SU, , act-
ing transitively on S3 \ {oo}. The stabilizer in P of a point
0 € §*\ {co} is a subgroup C* C P, whose conjugation
action on P leaves invariant a 3-dimensional normal sub-
group of P, isomorphic to our H, so that P = H X C*. To get
formula (9), we consider the adjoint action of C* on the Lie
algebra p of P, under which p decomposes asp = § @ C, as
in (9). For more details, see [12, pp. 115-120].
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Remark 6.3 In Cartan’s classification [5, p. 70], the left-
invariant spherical structure on H is item 2°(A) of the first
table.

7 The Euclidean group

Let E, = SO, X R? be the group of orientation preserving
isometries of R2, equipped with the standard euclidean met-
ric. Every element in E, is of the form v = Rv + w, for some
R € SO,, w € R2. If we embed R? as the affine plane z = 1
inR3, v~ (v, 1), then E, is identified with the subgroup of
GL;(R) consisting of matrices in block form

<§Vlv> R € S0,, we R%. an

Its Lie algebra e, consists of matrices of the form

Cc

S o O

—-ca
0 bl abceR (12)
00

Let CE, be the group of similarity transformations of
R? (not necessarily orientation preserving). That is,
maps R? — R? of the form v = Tv + w, where w € R?,
T € CO, = R* X O,. Then E, C CE, is a normal subgroup

with trivial centralizer, hence there is a natural inclusion
CE, C Aut(E,).

Lemma7.1 CE, = Aut(E,) = Aut(e,).

Proof One calculates that the inclusion CE, C Aut(e,) is
given, with respect to the basis A, B, C of e, dual to a, b, c,
by the matrices

T —eiw

w,T) ~ <0

where € = +1 is the sign of det(7) and i : (a,b) — (b, a).
To show that the map CE, — Aut(e,) of equation (13) is
surjective, let ¢ € Aut(e,) and observe that ¢p must preserve
the subspace ¢ = 0, since it is the unique 2-dimensional ideal
of e,. Thus ¢ has the form

), T € CO,, w € R?, (13)

ap dpp diz
b=\ ay ay a
0 0as

with respect to the basis A, B, C of e, dual to a, b, c. Next,
using the commutation relations

[A,B] =0, [A,C] =-B, [B,C] =A. 14)

we get
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Ay = Appdsz, dyp = dy1dzz, djp = —dy dzz, Uy = —Apd33.

From the first two equations we get a;; = a,,(as3)*, and from
the last two a;, = a,,(as3)*. We cannot have a,; = a;, = 0,
else det(¢) = (a,,a,; — ajpay;)as; = 0. It follows that
as3 = +1. If a;; = 1then we get from the above 4 equations
ay, = ay;,a;, = —dy, hence the top left 2 X 2 block of ¢ is in
COj (an orientation preserving linear similarity). If a3; = —1
then we get a,, = —a,;,a,, = a,;, hence the top left 2 x 2
block of ¢ is in CO; (an orientation reversing linear similar-
ity). These are exactly the matrices of equation (13). O

Proposition 7.1 LetV C T-E, be the left-invariant line bun-
dle whose value at e € E, is spanned by

1

0 —
00

S O =

Then

(a) Every left-invariant CR structure on E, is CR equiva-
lent to V by Aut(E,).

(b) Vs an aspherical left-invariant CR structure on E,.

(c) Vs realized in P((e;)c) = CP? by the adjoint orbit
of [L]. This is CR equivalent to the real hypersurface
[Re(z)]? + [Re(z,)]* = 1in C2.

Proof (a) Let A, B, C the basis of e, dual to a, b, c. Then
L=A+iC,soD, = Span{A,C} = {b =0}.Theplanec = 0
is a subalgebra of e,, so gives a degenerate CR structure. By
equation (13), every other plane can be mapped by Aut(E,)
to D,. The subgroup of Aut(E,) preserving D, acts on D,
with respect to the basis A, C, by the matrices

<rs>’ reR* seR, e =+1.
0e¢

One can then show that this group acts transitively on the
space of almost complex structures on D,,.

(b) Let a, B, y be the left-invariant 1-forms on E whose
value at e is a, b, ¢ (respectively). Then

14
0=

OR O
O™ R

0
0
is the left-invariant Maurer-Cartan form on E, satisfying
d® = -0 A O, from which we get
da=-pAy,dp=any, dy=0. (15)

A coframe (¢, ¢;) adapted to V (i.e. ¢(L) = ¢, (L) =0,
¢, (L) # 0) is

1
$=p. ¢ = —=(@+ip).
V2

Using equations (15), we find

dp =iy AG1. Ay = 2N~ PN,
Thus (¢, ¢,) is well-adapted. By Proposition 3.1, the struc-
ture is aspherical.

(c) Using Proposition 3.2, this amount to showing that the
stabilizer of [L] in E, is trivial. This is a simple calculation
using formula (13), with L=A+iC and T € SO,, e = 1.
The E,-orbit of [L] in P((e,)¢) is contained in the affine chart
¢ # 0. Using the coordinates z; = a/c, z, = b/c in this chart,
the equation for the orbit is [Re(z;)]* + [Re(z,)]* = 1.

O

Remark 7.1 In Cartan’s classification [5, p. 70], the left-
invariant aspherical structure on E, is item 3°(H) of the sec-
ond table, with m = 0.

Appendix A. The Cartan equivalence method

We state the main result of E. Cartan’s method of equiva-
lence, as implemented for CR geometry in [5], and apply
it to left-invariant CR structures on Lie groups. We follow
mostly the notation and terminology of [15].

The equivalence method associates canonically to
each CR 3-manifold M an H-principal bundle B - M,
where H C PU, | = SU, , /Z; is the stabilizer of a point
in $3 ¢ CP? = P(C*") (a 5-dimensional parabolic sub-
group). Furthermore, B is equipped with a certain 1-form
® :TB — 3u,,, called the Cartan connection form, whose
eight components are linearly independent at each point,
defining a coframing on B (an ‘e-structure’). In the special
case of M = S, equipped with its standard spherical struc-
ture, B can be identified with PU, ; and ® with the left-invar-
iant Maurer-Cartan form on this group. The curvature of ©
is the 8u, j-valued 2-form Q := d® + O A O. It vanishes if
and only if M is spherical and is the basic local invariant of
CR geometry, much like the Riemann curvature tensor in
Riemannian geometry. The construction is canonical in the
sense that each CR equivalence f : M — M’ lifts uniquely
to a bundle map f : B — B, preserving the coframing, i.e.
f*@’ = 0. In fact, B is an H-reduction of the second order
frame bundle of M (the 2-jets of germs of local diffeomor-
phisms (R3,0) — M), and f is the restriction of the 2-jet of
ftoB.

More concretely, fix a pseudo-hermitian form on C3 of
signature (2, 1), (z;,25,23) P |25|% + i(z3Z; — 2,Z3), and let
SU,; € SL;(C) be the subgroup preserving this hermitian
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form. A short calculation shows that its Lie algebra 81, | con-
sists of matrices of the form

3@ +20,) iy —c,
¢y %(52 - ) —C3 > (16)
¢ ie, =3, +28)

where ¢,c, € R and ¢, ¢,, c; € C. Accordingly, © decom-
poses as

10, +20,) b -0,
0= 0,  :0,-0) -0, | 17
0 i0, - 3(0,+20,)

where 6,0, are real-valued and 6,,6,,6; are complex-
valued 1-forms on B. Let H C PU, | be the stabilizer of
[1:0:0]€S®cCCP Its Lie algebra h C $u,, is given
by setting ¢ = ¢; = 0 in formula (16).

In the case of the spherical CR structure on S°, where @ is
the left-invariant Maurer-Cartan form on B = PU, |, the Mau-
rer-Cartan equations give Q = d® + ® A ® = 0.In general, Q
does not vanish but has a rather special form.

We summarize Cartan’s main result of [5], as presented
in [15]. We first give a global version, then a local one, using
adapted coframes. Each has its advantage.

Theorem A.1 (Cartan’s equivalence method, global version)
With each CR 3-manifold M there is canonically associated
an H-principal bundle B — M with Cartan connection
© : TB — 3u, 4, satisfying

(a) (H-equivariance) RZ@ =Ad,.®forallh € H.

(b) The vertical distribution on B (the tangent spaces to the
fibers of B — M) is given by 6 = 6, = 0.

(c) (e-structure) The eight components of ©, namely 0,
Re(8,), Im(6,), Re(6,), Im(6,), Re(05), Im(8;), 0,4, are
pointwise linearly independent, defining a coframing
on B.

(d) (The CR structure equations) There exist functions
R,S : B — C such that

0 008
Q=d0+O0A0=]0
0 000

Explicitly,
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S
0[06A0, +]00R|OAD,.
0

dd =i6, AO, — O A (0, +0,),

0, = =6, A0, — O A O,

do, =2i0, ANO;+i0, AO;—O NG, (18)
d6; = -6, A0, -0, AN0;—ROAD,

df, = i05 A0 — (6, +8,)0, + (S0, +56,) A 6.

(e) (Spherical structures) M is spherical if and only if
R =0, in which case S = 0 as well, hence Q = 0.

(f) (Aspherical structures) If M is aspherical, i.e. R is non-
vanishing, then B, = {R =1} C B is a Z,- principal
subbundle of B. The restriction of (6 0,) to B, defines a
coframing on it.

(g) Any local CR diffeomorphism of CR manifolds
f i M — M lifts uniquely to an H- bundle map
f : B— B with f*0® = 0.

Here is a reformulation of the last theorem using adapted
coframes. Note that such coframes always exists, locally,
for any CR manifold. See Definition 3.2 and the paragraph
following it.

Theorem A.2 (Cartan’s equivalence method, local version)
Let M be a CR 3-manifold with an adapted coframe (¢, @),
satisfying dgp = ip; A ¢, (mod ¢). Then

(a) There exist on M unique complex 1-forms ¢,, ¢5, a real
1-form ¢, and complex functions r, s such that

dgp =iy Ay — A (dy + ).

dp) =—d1 A, — P A s,

dpy = 2ipy Ay +ipy Ay — DA Py, (19)
dps = —=py Ay =Py A3 —rd A Py,

dpy =ips APy + (s, +5P) A .

(b) If (¢, ¢,) is well-adapted, i.e. dp = i, A ¢p,, then ¢, is
imaginary, ¢, + ¢, = 0.

(c) M is spherical if and only if r = 0, in which case s = 0
as well.

(d) If M is aspherical, i.e. r is non-vanishing, then there
exist on M exactly two well-adapted coframes ($, ¢;)
for which r = 1 in equations (19), given by ¢ = |A|>¢,
d;l = M + u¢,), where A, u are complex functions
given as follows: let L be the complex vector field of
type (0, 1) defined by (L) = 6,(L) = 0,0,(L) = 1, then
A==x(r|"\?H)V2, p = i L) /uand u = | A|*> = |r|'/%

(e) The previous items are related to Theorem A.1 as fol-
lows: there exists a unique section o : M — B such
that ¢ = 6*0 and ¢, = 6*0,. Furthermore, ¢; = ¢*0,,
i=2,3,4,r = Rocand s = Soc.If M is aspherical then
B, is trivialized by the two sections corresponding to
the two well-adapted coframes of the previous item.
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Proofs of these theorems are found in Chap. 6 and Chap. 7
of [15]. Note that the function r in equations (19), sometimes
called ‘the Cartan CR curvature’, is a relative invariant of
the CR structure: only its vanishing is independent of the
coframe. Put differently, due to the H-equivariance of O,
and hence of Q, the function R : B — C of Theorem A.1
varies non-trivially along any of the fibers of B — M, unless
it vanishes along it.

Corollary A.1 For any connected CR 3-manifold,

(a) Auteg(M) and aut-y(M) are a Lie group and a Lie
algebra (respectively) of dimension at most 8. The
maximum dimension 8 is obtained if and only if M is
spherical.

(b) If M is aspherical then Autcg(M) and aut -z (M) have
dimension at most 3.

(€) Auteg(S?) = PU, ;.

(d) If U and V are open connected subsets of S° and
f 1 U — Visa CRdiffeomorphism then fis the restric-
tion to U of some element in PU, ;.

Proof (a) The essential observation is that any local dif-
feomorphism of coframed manifolds, preserving the cof-
raming, is determined, in each connected component of its
domain, by its value at a single point in it. This is a conse-
quence of the uniqueness theorem of solutions to ODEs. It
follows that the group of symmetries of a coframed con-
nected manifold embeds in the manifold itself. This implies,
by Theorem A.1 above, item (g), that Autqg (M) embeds in
B, which is 8-dimensional. The same argument applies to
auteg (M), by restricting to open connected subsets of M. If
dim Autcg (M) = 8, then it acts with open orbits in B, hence
R is locally constant. In particular, R must be constant along
the fibers of B — M. By the H-equivariance of Q this can
happen only if R vanish, which implies that M is spherical,
by Theorem A.1, item (e).

(b) If M is aspherical then f leaves B, invariant, preserv-
ing the coframing on it given by (6, 6,). Then, as in the previ-
ous item, Autcr (M) embeds in B}, hence it is of dimension
at most 3 = dim(B,).

(c) As mentioned above, for M = S5, B = PU,, and
©® is the left-invariant Maurer-Cartan form. For any
f € Aut g (M), let f(e) = g = ge € B. This coincides with
the action of g on PU, ; by Ieft translations, hence f=g

(d) This is the ‘unique extension property’ of Proposition
2.2. O

In general, given a well-adapted coframe ¢, ¢,, it is not
so simple to solve equations (19) to find the associated

one-forms and the functions r, s. Fortunately, for a left-
invariant CR structure on a Lie group, one can pick a left-
invariant well-adapted coframe and then it is straightfor-
ward to write down explicitly the solutions in terms of
¢, ¢, and their structure constants.

Proposition A.1 Let M be a manifold with a CR structure
given by a well-adapted coframe ¢, ¢, satisfying

do =i Ay,

_ _ 20
dpy=ady A Gy +bdAD +cd AP, 0)

for some complex constants a, b, c. Then these constants

satisfy
ac=ab, b+b=0, 21

and equations (19) are satisfied by
r.s,¢; =A;p + By, + Ciy, j = 2,3,4, given by

A2=¥ 3?, B,=a, C,=—a,
Ay = % + %|b|2 + %‘bw —|c)?, B, = %, C,= 2‘3’—5
r= ic(% n %) s=a(3|b|2+ %aﬁb).

Proof Taking exterior derivatives of equations (20) and
substituting again equations (20) in the result, we obtain
equations (21). The condition that ¢, is imaginary and ¢, is
real is equivalent to A, = —Zz, C, = —EZ,A4 = 24, C, = §4.
Using this, substituting ¢,, ¢, ¢, into equations (19) and
equating coefficients with respect to ; A b, d A ¢y, d A P,
it is straightforward to obtain a system of algebraic equations
whose solution is given by the stated formulas (we used
Mathematica). O

Corollary A.2 A locally homogeneous CR structure given by
an adapted coframe satisfying equation (20) is spherical if
and only if ¢(2|al* + 9ib) = 0.
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